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The local state probabilities (LSPs) are exactly computed for four hierarchies of
solvable lattice models. They are restricted solid-on-solid (RSOS) models whose
local states and their adjacent conditions are specified by Dinkin diagrams of
types A,, D,, DV, and 4}. The LSPs are expressed in terms of modular
functions characterized by branching identities among the theta functions. Their
automorphic properties are used to study the critical behaviors. Some fine
structures are found in the spectrum of the critical exponents.
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1. STAR-TRIANGLE RELATIONS

1.1 Introduction

From the time Rogers—Ramanujan identities emerged in the analysis of
Baxter’s hard hexagon model,'”’ crucial interplay has been seen between
combinatorial aspects of modular functions and exactly solvable models in
two-dimensional statistical mechanics. In these studies the physical quan-
tity of central importance is a one-point function called the local state
probability (LSP). It is by definition the probability P(1) that a lattice site
assumes a given state 4. The computation of the LSPs by the corner
transfer matrix method® amounts to evaluating combinatorial g-series in
terms of modular functions. Such a program was first executed for a
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Fig. 1. Diagram for the restricted 8VSOS model. Each node corresponds to a local state. A
pair of states is allowed to occupy adjacent lattice sites if the corresponding nodes are connec-
ted by a bond.

hierarchy of solvable models by Andrews et al,® which they called
restricted eight-vertex solid-on-solid (8VSOS) models. The models are
labeled by an integer L (>4) (r in their notation) and contain the hard
hexagon model as the case L=35. An intriguing feature of the 8VSOS
hierarchy is that® the LSPs exhibit the critical behavior exactly realizing
the anomalous dimensions in minimal conformal field theory (CFT) by
Belavin et al.®> Now these results have been extended to a variety of
solvable models,®'" bringing to light some intrinsic relations between
solvable lattice models and CFTs.

In this paper we present yet further extensions of the 8VSOS models,
evaluate their LSPs, and study the critical behaviors. In order to describe
the extensions, let us recall the 8VSOS model where the state variable 4, is
assigned on site i of the square lattice and takes integer values 1<
A; < L—1 with the restriction that neighboring states must differ by one.
These conditions are described in Fig. 1. In Fig. 1 each node corresponds to
a local state. Two states can occupy neighboring lattice sites if the
corresponding nodes are connected by a bond in the diagram. Now con-
sider Figs. 2-4. Pasquier’") and Kuniba ez al.®*'? have obtained an elliptic
solution to the star-triangle relation for the models corresponding to
Figs. 2 and 3, respectively. The model associated with Fig. 4 is new. As in
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Fig. 2. Diagram for D, ., model.
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Fig. 3. Diagram for DY}, model.

the 8VSOS model, these models have four regimes (I-IV) of distinct
physical behaviors. We obtain the LSPs in all regimes for these sequences
of models, including the preliminary regime III results reported in refs. 9
and 11. It has been pointed out by Pasquier!®) that Figs. 1 and 2 are the
Dynkin diagrams for the classical Lie algebras 4, |, and D, ,,, respec-
tively. In this picture the diagrams in Figs. 3 and 4 correspond to those for
affine Lie algebras DY), and A} |, respectively. For convenience we call
the models specified by Figs. 1-4 and the elliptic solutions to the STR as
A, _y, Dy .y, DY) ,, and AY) | models, respectively. We note that this
viewpoint is different from the recent work by Jimbo et al,**) where the
local states take their values in dominant integral weights of affine Lie
algebras with fixed level.

The principal feature of our model D), is that the essential part of
the LSPs in regime 111 (generating function for the eigenvalue spectrum of
corner transfer matrices) is expressed by functions of the form [see (A.21)
in the Appendix ]:

7’]('[)_1 Z (q[ZZL(L—l)—I—rL—a(L—1)]2/4L(L—1)

ieZ
+ q[2).L(L—1)+rL+a(L—1)]2/4L(L—1)) (1.1)
r,aceZ, osr<L—1, 0<ax<l
e
O O— — —— — —

Fig. 4. Diagram for A | model.
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while in the 4, _, model the corresponding quantity is

’7(7)"1 Z (q[Z}.L(Lf1)+rLAa(L~1)]2/4L(L-1)
LeZ
gAML = D+ rL kel = DIYALL - 1)y (1.2)

r,aeZ, O<r<L-—1, O<a<L

here n(t) is Dedekind’s eta function [see (1.7)]. The function (1.2) is the
irreducible character of Virasoro algebra.'> The LSPs for D, ,, , (L even)
and A% | models are expressed in terms of certain combinations of (1.1)
and (1.2) (see Table V). This yields several fine structures in the critical
behaviors.

The organisation of the paper is as follows.

In the remainder of this section, we recall the elementary facts about
the star-triangle relations for a class of restricted solid-on-solid models and
give the elliptic solutions for the present models.

In Section 2, we express the LSPs in terms of one-dimensional
configuration sums X,,(a, b, ¢) and present the results in the limit m — co.

In Section 3, we study the one-dimensional configuration sums. We
rewrite them in series involving Gaussian polynomials and identify them
with modular functions (or branching coefficients) in the limit of m large.
This yields the LSP results summarized in Section 2.3.

In Section 4, we investigate the critical behaviors of the LSPs by
utilizing the automorphic properties of the modular functions.

Section 5 gives a summary and discussions.

The appendix gives the definitions and the basic properties of the theta
functions and branching coefficients used in the main text.

Throughout the paper we use the following notations:

Bz )= [] (1—2g" Y1 —2"'¢") (1~ g") (13)

n=1

0,(u, ¢*)=21|q|"*sinu [] (1—2¢*cos 2u+g*)1—q™) (1.4)

04, %)= [T (1— 247" cos 2u+ g™ ~2)(1 — g™ (15)
s@)=11 (1—q" (1.6)

n(t)=q9"*¢(q), g=e"" (1.7)
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(in Sections 2-4, we fix this relation between ¢ and 7);

gl=1/2 if k=0mod j
=1 J (18)
=1 otherwise.

In particular, eg° =1/2 and ¢ =1 for j#0.
At every stage we shall rephrase the results in ref. 3 or corresponding
N =1 results in refs. 6-8 in suitable forms for comparison and clarify the

significant difference of the models from each other.

1.2. Restricted Solid-on-Solid Models

Before going into our specific models 4, _, D, ,,, D{!),, and 4" ,
‘we briefly summarize the basic facts about a class of restricted solid-on-
solid (RSOS) models. Consider a two-dimensional square lattice with a
fluctuation variable A; associated to each site i We shall call the 4, a state
and assume that 4, € § with § being a finite set of the states. Let s denote
the number of elements in S (s>1) and consider an s by s matrix C
satisfying the following conditions:

(i) Cpp=C;;=00r1l (1.92)
(ii) C,,=0 (1.9b)
(i) For each A€ S, there exist '€ S such that C,. ; =1 (1.9¢)

For such choice of C, we impose a restriction that two states 4 and A’ can
occupy the neighboring lattice sites if and only if C, ;. =1. We shall call
such a pair of the states (4, A’) admissible. These conditions are con-
veniently expressed by a connected graph as in Figs. 1-4, where each node
corresponds to a state and the admissibility specified by a bond. Let 4,, 4,
Ax, and 4, be the four states assigned on the lattice sites i, j, k, and /
surrounding a face. We assume that an elementary interaction is given by a
Boltzmann weight W(4,, 1, 4;, A,;) attached to a state configuration
around a face depicted in Fig. 5. We also assume that W(i,, ;, 4,, 4;) is
zero unless the four pairs (4;,4;), (4, 4), (4, 4,), and (4, 4;) are
admissible. RSOS models our of concern are the interaction-round-face
(IRF) models in the sense of Baxter® with the above conditions on the
state variables and the Boltzmann weights. We remark that these RSOS
models are “nonoriented” in the sense that C, ,, = C,. .

Now we proceed to the description of the star-triangle relation (STR),
which assures the solvability of the models. We introduce a spectral
parameter ¥ and assume that the Boltzmann weights are functions of . The
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Fig. 5. A state configuration (4;, 4;, 4, 4;) around a face, where the sites /, j, k, and / are
ordered anticlockwise from the southwest corner,

STR is the following system of functional equations for the Boltzmann
weights:

Y Wia, b, g flu) W(f, g, d,elu+v) W(g,b,c,d|v)

=) W(f,a g elv) Wb, c glutv) W(g c,delu)  (110)
4

where the sum on the lhs (resp. rhs) is taken over g€ S such that the pairs
(g, b), (g,d), and (g, f) [resp. (g, a), (g, c), and (g, e)] are admissible. It
is known that the STR (1.10) is stated also by using the face operators,
which we now explain. Consider the one-dimensional configuration of
the states {4;}7., with m being a positive integer sufficiently large. By
relabeling we may assume that S={1,2,.,s}. Let V be the subspace
of C°® - ®C* (m-fold tensor product) spanned by the vectors
e, ® - e, such that (4, 4;,,) is admissible for 1< j<m—1. Here ¢,
stands for the standard basis of C°. Define the jth face operator R;(u)
(2<j<m—1) acting on V by

Ru)e, ® - ®e,,

= Z W(’lji A’j+152-j{’ j'j—1|u)e/11 ® ®el}® '”e}hm (111)

Aes
In terms of the operator R,(u), the STR (1.10) is rephrased as

Ri(u) R (u+0) R(v) =R, (v) R{u+v) R;y (1) (1.12)
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Under the assumptions (i) and (ii) in the sequel, the STR (1.10) or (1.12)
considerably simplifies.

(i) Let the face operator R(u) be of the Temperly-Lieb type.('®'”
By this we mean the following form of R (u):

Ri(u)=pu)[ I+ y(u) U] (1.13a)
_sin(u—u) _ sinu
p(u)—w, T (1.13b)

where p is a parameter such that sin 4 #0 and 7 is an identity operator in
End V. The U; (2<j<m—1) in (1.13a) is a u-independent operator in
End V that obeys the Temperly-Lieb algebra:

U, \U=U, UU=UU for li—j|>1 (ll4a)

J

o g*=2cosp (1.14b)
It can be directly checked that the the STR (1.12) is assured by the

relations (1.14) among the Temperly-Lieb operators U L 2<js<m-1).

(ii) To each state A€ S, assign a complex number g, #0 and assume
the following form for the (4, 1') element of the operator U fx

(U =06(A;, A7) 0(4— 1, A1)

i 8484
X0(A;_ 15 Ajs 1) -_A,-fl_gin
XO(Aj 1, A1) 6(Aps A1) (1.15)

Among the relations in the Temperley-Lieb algebra, (1.14a) is
automatically satisfied by this form of U;. On the other hand, the condition
(1.14b) is reduced to linear equations for the parameters g2:

Y gi=q"g, (1.16a)

A
(4, A"):admissible

In terms of the vector he C*, (h), = g2, (1.16a) is written as

Ch=g'"h (1.16b)

where C is the s by s matrix introduced in (1.9). Note that the ansatz
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(1.13)—(1.15) for the face operator R;(x) amounts to the following form for
the Boltzmann weight (1.11):

sin )
Wi s g 1l =500, )

g,llg;k sin u

Y s, A 1.17)
g; g, 8in (4 4 (

We see that (1.17) satisfies the following properties.
Reflection symmetry:
Wi(kis Ajy Ay Ay L) = Wy, 4, Ay, A4 1 1t)
= Wk, Apy Ay, 45| 1) (1.18)
Crossing symmetry

818k

g1 8

W(}’n j o ik’ ll'”) W(}“I’ il5ﬂ‘jﬁjk|u~—u) (119)

The Temperly—Lieb operator for the restricted 8VSOS models was first
extracted in a form (1.15) in ref. 18.

Thus, a class of trigonometric solutions is obtained for the STR by
solving the eigenvalue problem (1.16). This much is true for arbitrary
choice of the matrix C in (1.9) (in fact, even for the case C; ; =1). Let us
see what happens if we further impose a kind of physical condition:

U, g.(#0)eR forall AeS (1.20)

From (1.14b) and (1.16a) we deduce 0 <g'?> <2 (¢'*=2 is forbidden by
the assumption sin x #0). For such cases a complete list for the matrix
2 — C satisfying (1.9) and (1.16b) is available as the classical Cartan matrix
of types 4, D, and E. These cases are considered by Pasquier."'*) On the
other hand, the formal choice ¢*/> =2 (sin x=0) in (1.17) does not lead to
nontrivial solutions for the STR, although such a matrix 2 — C is classified
as the generalized Cartan matrix!®) for affine Lie algebras 4¥), D", and
E™_In both cases the h in (1.16b) becomes the Perron-Frobenius vector
for the matrix C [see also (4.8)]. We shall encounter the distinct nature of
the cases 0 <g <4 (Figs. 1 and 2) and ¢=4 (Figs. 3 and 4) in the rest of
the paper in various aspects: STR, LSPs, critical behaviors, etc.
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1.3. Elliptic Solutions to STR

Let us return to our models A4, _,, D, ,, DY) ,, and 4} |, whose
matrices C are diagrammatically shown in Figs. 1-4. We set 4, € S with

S={1,2,.,L—-1} formodel 4,_,, L=4 (1.21a)
={0,0,1,2,.,L—1} formodelD,,,, L3>3 (1.21b)
={0,0,1,2,.,L—1,L L} formodel DY) ,, L>=3 (1.2ic)
={0,1,2,.,L—1} for model A2 |, L>3 (1.214)

We remark that the admissibility condition in the D{" model is equivalent
to that in the odd-height sector of the fusion model®™® with (L, N) = (6, 2),
ie, ;—1;=0, £2,1,+1,=4, 6, 8. This can be seen by relabeling the state
variables in the D{") model as in Fig. 6. Originally this model was solved in
ref. 20 and extended to the present D! model for arbitrary n (= 5) in refs.
9 and 12.

Below we present the elliptic parametrization of the Boltzmann
weights satisfying the STR. For all the models 4, ,, D, ,,, DY) ,, and
AW |, they enjoy the reflection symmetry (1.18) and the crossing symmetry
(1.19) with u= —1 and the g; specified as follows (the parameter u has
been rescaled so as to make g = —1 for all the models):

(a) A4,_, model

g, =&,[0,(nd/L, p)1'* (1.22a)

5 5

Fig. 6. The relabeling of the state variables {0, 0, 1, 2, 3, 3} in the D{") model, showing the
equivalence of admissibility with that in the odd-height sector of the fusion model®® with
(L, N)=(6,2).
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(b) D, model
g =&, [er0,(n(L+A)2L, p)]'?  for A#0

(1.22b)
8o = 8o
(¢) D), model
g, =¢,[er0,(ni/L, p)]'? for 1#0,L
(1.22¢)
8o = 8o gL =8¢
(d) A% | model
g =¢&;[04(nd/L, p)]1'? (1.22d)

In the above, 6, and 8, are the elliptic theta functions defined in (1.4), (1.5)
with “nome” p (|p| < 1), the symbols e and ¢y are specified by (1.8), and
e,==%1, g,6;,1,=(—)" In the trigonometric limit p—0, the relation
(1.16) holds with the following values of ¢'/2:

g**=2cos(n/L) for A, _, model (1.23a)
=2 cos(n/2L) for D, ,, model (1.23b)
=2 for D), and A" | models (1.23c)

We remark that in the 4, _, and D, , models, the Boltzmann weights
themselves reduce to the trigonometric ones given in Section 1.2 in the limit
p—0.

(a) A,_, model:

H(1+u)
_y=t-r <L-—
W(A A+1,4 A—1) TR 2<A<L-2
[H(A+1) H(A— 1)1 H(u)
A—1,4)= <A<L-2 (L
W +1, 4 A—1,1) ) Ty 2<A<L (1.24)
HOFu)
+ 1, A) = <ALAt1<L-—
WA+1,4 A+ 1,2) R 1<4, 4 1

where H(u)= 6,(ru/L, p). The parametrization has the property

W(a, b,c,d|\uy=W(L—a,L—b,L—c,L—d|u) (1.25)
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(b) D, ., model

W, A+ 1,4, A1) = HE+4)

H(l) °

I<A<L -2

WA+1,4,1—-1 )=

[er \H(L+A+1)H(L+/i—1)1"?

H(L+2)

H(u)
H(1y

W2, 1,0, 1)=W(2,1,0, 1)

I<igL-2

P
W41, 0 +1, z)z%{‘—),

H(L—u) H(L+1)H(u)
H(L) H(L) H(1)
H(L—u) H(L+1)H(u)
H(L)  H(L)H(1)
H(L+1+u) H(l+u)
H(L+1)  H() )
H(L+1+u) H(l+u)
( H(L+1) H(1) )

W(1,0,1,0)=

W(1,0,1,0)=

w(o, 1,0, 1)=%<

1
w0, 1,0, 1)=§

where H(u)=0,(nu/2L, p). The parametrization has the property

Wia, b, c,d|u)=W(a,b,¢ dlu)
where 7 is defined by

I=1 if A#0, (©)=0, (0)=0

(c) D), model:

, H(l +u) ~ -
Wj., 1,}:,}-—1 =T, A » Vs iy
(4, 4+ } A A#0,0,L, L
. R X [ef, @A+ 1) ek O(l—1)]12
W LA A=1,1)=24221 Aot
(A+1, 4,4 A) o)
H(u) ~ -
XH(I)’ A#0,0, L, L
O(AF u)

WAt %1, )= 4 A+1#0,0,L, L

e(1) °

839

1<, Ax1<L—1 (1.26)

(1.27)

(1.28)

(1.29)
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W(0,1,0,1)= W(L L—1,L L—1)=3 (93(;”) HS(T)M)>

2
l(@(l +u)_H(1 +u)\l

2\ e(1) H(1) /
_0(u) 6(1) H(u)
~6(0) ©(0)H(1)

~ . e el
W(1,0,1,00=W(L—1,L, L—1,L)= @EZ% @Eo; ZE?;

W(0,1,0,1)=W(L,L—1,L,L—1)=

W(1,0,1,0)=W(L—1,L, L—1,L)

where H(u)=0,(nu/L, p) and O(u)=04nu/L, p). The following two
properties are valid.

Property (i):
Wia, b, ¢, d | u) = W(a*, b*, c*, d*|u) (1.30a)
where A* is defined by
A¥=L—-1 for A#0,L, 0)y*=L, (L)y*=0 (1.30b)
Property (ii):
W(a, b,c,d|u)y=W(a,b,¢ d|u) (1.31a)

where 1 is defined by

1=4 for A#0,0,L L

= T (1.31b)
(d) A% | model
W(A,A+1,A,A—1)=HSJ)”), 1<A<L-2
W(o,1,0,L—1)=W(L—1,0,L—1,L—2)=H2(J1r)”)
12
W(,1+1,,1,A—1,x)=[@(“1)@(@;; D] ZE‘I’; 1<i<L—2
o(1) H
W(l,O,L—l,O):%;—}%
(1.32)
_[6(0)©(2)1"* H(u)

W0, L—1,L=2, L—1) =g =



Local State Probabilities for RSOS Models 841

W(Ail,i,iil,i):a—ga)—”, O<Aitl<Ll—1
_ O{u)

WML=1,0,L-1,00= g

W(0,L~1,0,L—1)=—@i@%”—)

where H(u)=0(nu/L, p) and O(u) = 0,4(nu/L, p).

2, LOCAL STATE PROBABILITIES

We employ Baxter’s corner transfer matrix method to compute the
local state probabilities (LSPs) of our models. We refer to Appendix A in
ref. 3 for the description of this method adapted to the present context.

2.1. Muitiple Sum Expressions

There are four regimes (I-1V) for each model exhibiting distinct
physical behaviors depending on the values of the parameters » and p. We
specify them as follows.

(a) A4, _; model:

Regime I: —1< p<0, O<u<lL/j2-1

Regime II: O<p<l, O<u<lLf2-1 (2.1a)
.18

Regime III: O<p<l|, —l<u<0

Regime IV: -1 < p<Q, —l<u<0

{(b) D,,, model

Regime I: —1< p<, O<u<L-—1

Regime II: O<p<l, O<u<L-—1 (2.16)

Regime III: O<p<l, —1<u<0 )

Regime IV: —1<p<, —l<u<0

{c) D) ,and A" | models:

Regime I: ~1<p?<0, O<u<L/2—1

Regime II: 0<p'?<1, O<u<Li2—1 (2.10)

Regime III: 0<pP<1l, —1<u<0 ’

Regime IV: —-1<p'? <0, —1<u<0
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Let a, b, ce S be three states in (1.21) such that the pair (b, c) is admissible.
The LSP P(a|A) is the probability that a state variable A, takes a given
state A, = a under the condition that those far from the site 1 are fixed to a
certain background configuration A specified by (b, ¢). (See Section 2.2 for
a precise description of the background configurations and the ground
states.) Let m be an integer satisfying m > 1. By the method of corner
transfer matrix the LSP is reduced to the m — oo limit of the quantity
P, (a|b,c):

P,(a|b, c)=x‘u,X,(a,b,c:q°)/N,b,c) (2.22)
N, (b, c)=3 x*u,X,(ab,c:q°) (2.2b)

ae S
Xa, b, c:g)=Y gSnthr-rtns2) (2.2¢)

SolAiss A2} =2, JH(Aj A5y 15 Ay42) (2.2d)

1

[RagE

J

Here the sum in (2.2c¢) extends over the state variables 4,, 4;,..., 4,, under
the condition that 4, =a, 4,,,1 =5, 4,,,,=c and the pair (4;, 4;,,) is
admissible for 1 < j<m. The quantities x, g, g, £,, u, are listed in Table I
forthe A, _, D, ,,, D) ,, and 4{) | models. '

The weight function H(a, b, ¢) in (2.2d) is defined for three states a, b,
¢ such that the pairs (a, b) and (b, ¢) are admissible. Their explicit forms
are given in (2.5)~(2.13c). We remark that the symmetries of the
Boltzmann weights have been lost from the weight function H(a, b, ¢). For
example, from (2.6a), (2.6b) we see that H(1,0,1)+# H(1,0,1) for the
D, ., model in regimes Il and III, while we have the A<« 71 symmetry
(1.27) in the Boltzmann weights. In order to solve this apparent contradic-
tion, let us describe some details of the prescription to derive the function
H(a, b, ¢).

In Section 1.3 the Boltzmann weights are given as the functions of the
spectral parameter u and the elliptic nome p. Using the conjugate modulus
identities listed in Eq. (3.3.6) of ref. 3, one can rewrite them in terms of the
variables x defined in Table I and w= x* [the variable w should not be
confused with the Boltzmann weight W(a, b, ¢, d)]. The first step to obtain
the weight function H(a, b, c) is to take the following limit of the
Boltzmann weight:

G,G
Ula,¢)y,= lim W(b,c,d a)=> “/F (2.3)
’ x—=0,u—-0 GaGc

w = x*:fixed

where the quantities G, and F are specified in Table II. One may regard
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Ula, c), 4 as the (b, d) element of face transfer matrix (in the x — 0 limit)
Ula, ¢) in the SW-NE direction. The size of U(a, ¢) is the number of the
state A such that the pairs (4, @) and (4,c) are admissible. Direct
calculation shows that all the matrices U(a, ¢) are diagonal except for the
one listed in Table I11.

Table 1. Parameters for 4, _,, D,,,,
D ;. and A{!) | Models

1 11 I v
A, _; model®
P —exp(—¢/L) exp{—¢/L) exp(—¢/L) ~exp(—s/L)
x exp(—2n?/e) exp(~4n?/e) exp(—4n?/e) exp( —2n%/e)
q XL~2 xL—Z xZ XZ
c +1 —1 +1 —~1
u, E(x°, —x*?) E(x?, x1) E(x4, x*) E(x4, —xt?)
£, ala—L+1)/2 ala— L)/4 0 a/2
D, , , model®
P —exp{—¢/2L) exp(—e&/2L) exp(—e&/2L) —exp(—¢/2L)
x exp(—2n%/e) exp(—4n?/e) exp(—4n2/e) exp(—2n?/e)
g iL—2 AL-2 ¥2 52
a +1 -1 +1 -1
U, 820E(xa+L’ ——XL) SSOE(XG+L, XZL) SfE(Xa+L, XZL) BsoE(xa+L, _XL)
¢, ala+1)2 a*/4 0 aj2
D), model®
P —exp(—¢/2L) exp(—&/2L) exp(—¢/2L) —exp(—&/2L)
x exp(—4n’/e) exp(—4n?/e) exp(—4n?/e) exp( —4n?/e)
q XL—Z xL—Z x2 xz
o +1 -1 +1 —1
U, EFE(~-xtL2 xt) eLE(—x%, x*) eLE(—x9, xb) eLE(—x LR, xF)
£, ala—~ L +2)/4 ala—L)/4 0 a2
A | model
P2 —~exp(—e¢/2L) exp(—¢g/2L) exp(—e¢/2L) —exp(—¢&/2L)
x exp(—4n’/e) exp(—4n?/e) exp(—4n?/e) exp(—4n?/e)
q L2 b2 2 2
g +1 -1 +1 -1
u, E(—xo+42 xly E(—x% x%) E(—x° x*) E(—x°*t2 x1)
¢, ala—L+2)/4 ala—L)/4 0 a2

“For the A, | model the parameter ¢ {(>0) is defined in the first row through the relation
with p. The quantity x*u, is invariant under the change a » L —a.

¢ For the D, , , model uy = up and &, = &.

“For the DY), model u, =u;, &, =&, The quantity x%u, is invariant under the change
a— a* [see (1.30b)].
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Table Il. The Quantities G, and F in (2.3) for
Each Model and Regime“

Models Regimes G, F
Ay LIV watla— L)L x#@u+2-L)2L
II, I Wa(u —L)/aL xu(u +1)/2L
Dy LIV WAL (1= L)2L
11, I we/sL x#lu+ 1)/4L
D ,, AN | LIV wala— L)AL e+ 1= Ly2L
11, 1 wala—L)aL - 1)/2L

“In the D, ., and D{!) , models we assume that G, =G;.

The diagonal U(a, ¢) has the form by which the weight function
H(a, b, ¢} is determined as follows:

U(a, ¢)p,q =0, g w00 (2.4)

where { =1 in regimes I and IV and {= —1 in regimes II and III. The
other matrices U(a, c) listed in Table Il may be diagonalized by following
the argument in Section 3.3 of ref. 8. After relabeling the state variables
suitably we have an equation of the form (2.4). This yields the full weight
function H(a, b, ¢) in (2.5)-(2.13c). Thus, if the face transfer matrix Ula, ¢)
has the nondiagonal limit, the symmetries of the Boltzmann weight
Wb, c,d,a) are lost from H(a,b,c) through this diagonalization
procedure.

Below we present the resulting forms for H(a, b, ¢) assuming that the
pairs (a, b) and (b, ¢) are admissible.

Table Ill. The Nondiagonal Matrices U(a, c) Whose
(b, d)-Element is Defined by (2.3)¢

Regimes I, IV Regimes 11, ITT
Ay U(L/2, L/2) (L even) —
Dy — U(t, 1)
D, U, 1), U(L-1,L-1), —
U(L/2, L/2) (L even)
A¢, U(L/2), L/2) (L even) U0, 0)

2The U(L/2, L/2) exists and is nondiagonal only for even L.
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Regimes I and il

(a) A4, _, model:

H(a, b, c)=|a—c|/4 (2.5)

(b) D, model:
H(a, b, c)=|a—c|/4 if ab,c#0 (2.6a)
H(1,0,1)=1/2 (2.6b)
H(a, b,c)=H(c, b,a)=H(a, b, c) (2.6¢)

where a is defined in (1.28).
() D), model:

H(a,b,c)=la—c|/4 if ab,c#0,L (2.7a)
H(0,1,0)=1 (2.7b)
H(a, b, ¢) = H(c, b, a) = H(a*, b*, ¢*) = H(a, b, &) (2.7¢)

where a* and a4 are defined in (1.30b) and (1.31b), respectively.
(d) A% | model:
H(a,b,c)=]a—c|/4
if (a,b,¢)#(1,0,L—1),(L~1,0,1),(0,L—1,0),

O, L—-1,L-2),(L-2,L-1,0) (2.8a)
H(1,0,L—-1)=0, H(0,L—-1,0)=1, HO,L—1,L—2)=1)2 (2.8b)
H(a, b, c)=H(c, b, a) {2.8¢)

Regimes | and IV. In regimes I and IV, the function H(a, b, c)
depends on the integer part of L/2. We denote this by n:

n=[L/2] (2.9)
(a) A, _, model:
H(a, b, c)=min(n—b, (a—b+1)/2)

if b<manda<c (2.10a)

H(a,b,c)=H(c,b,a)=H(2n+1—a,2n+1-5,2n+1—c) (2.10b)

822/52/3-4-21
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(b) D, ,, model
Ha+1,a,aF1)=0 if a#0, 1<a<L-2 (2.11a)
H(a,a+1,a)=1 if a#0, 0<a<L-2  (211b)

H(a,a—1,a)=0 if a#0,1<a<L~-1 (2.11¢)
H(0,1,0)=0 (2.11d)
H(a, b, ¢)= H(c, b, a)= H(a, b, ¢) 2.11e)

(c) D), model:

H(a, b, c)=min(n—5b,3 (a—b+1))

if abc#0,L;b<n a<c (2.12a)

H(1,0,1)=H(L—1,L,L—1)=1)2 (2.12b)
H(a, b, c)=H(c, b,a)=H(a, b, c)

=H2n+1—a2n+1-5b,2n+1-c¢) (2.12¢)

(d) 4%, model. The case [a—b|=|b—c|=1:

H(a, b, c)=min(n—b, (a— b+ 1)/2)
if b<n, a<c (2.13a)

H(a,b,c)=H(c,b,a)=H(2n+1—a,2n+1—-5,2n+1—c¢) (2.13b)

The case [a—bl#1 or |b—c|#1:
HO,L—1,L—-2)=H(O,L-1,0)=0
H(L-1,0,1)=1/2, H(L-1,0,L—-1)=1 (2.13¢c)
H(a, b,c)=H(c, b, a)

Except for the A{") | model with odd L, we have the following support
property:
P, (alb,c)=0 unless a—b=mmod 2 (2.14)

where 7 =4 mod 2 is implied.

2.2. Background Configurations and Ground States

Now we specify the choice of (b, ¢} in taking the m — oo limit of the
quantity P,,(a|b, c) in Section 2.1. For this purpose we introduce four
sequences of the states A= {A4®}> | (1<k<4)in the sequel.
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The first one, A", is the alternating sequence which we shall consider
for all the models 4, ,, D, ., D) ,, and 4" -

AW =b, AW =c (2.15)

where (b, ¢) is any admissible pair.
The second one, 4%, is relevant to the D, ., and D!} , models and is
defined by

AP, =b, A ,=c AR, =B, AP=c (216

where (b, ¢) is any admissible pair and 7 in the model D, , , (resp. D{!) ,) is
determined from A by (1.28) [resp. (1.31b)]. Note that A‘® is identical with
AV if p=ph, c=¢

The third one, 4, is relevant to regime II in the 4, _, model,

AD = (b4 j—1) (2.17)

where b is an arbitrary integer and the symbol (x) stands for the unique
integer satisfying 1 <<x><L—1, {(x)—~1=+(x—1)mod 2(L—2).
The last one, A, is relevant to regime II in the D, ., model,

A9 =TFTTTS (2.18)

where b is an arbitrary integer and the symbol ¢ x3 stands for the unique
integer satisfying 0< {x»<L—1, x» = +xmod 2(L—1). We specify
&x» for 0< &x» <L —1 by (1.28). These sequences A% (1 <k<4) are
admissible in the sense that all the pairs (A1), A{%),) therein are admissible.

The boundary states (b, ¢) in P, (a|b, ¢) are set to be the admissible
pair (A%, ,, A%, ,) contained in the sequences A% (1 <k<4) described
above. The choice of A% for each model and regime is specified in
Table IV,

Table IV. The Background Configurations A={A;}2; in
Taking the m — o Limit of
the Quantity P (a|A,, 1. N yi2)

I II I v
A,y AW A® AN A
D, ., A@ A@ AW AW
D AWM AR AW AWM

AW AD AW AN AW
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For such choice of the background configuration A, the LSP is
obtained by taking the m — oo limit:

Pla|A)= lim P,(a|A, 1, Ayys) (2.19)

n — o

Among the background configurations, the ground states are defined to be
the admissible sequences (4;, Az, Ay 15 Am ) that minimize the “action”
(2.2):

08, (At sy A1) (2.20)

where o is a sign factor given in Table I. We consider that the ground-state
configuration in the original two-dimensional lattice is obtained by trans-
lating these one-dimensional sequences into the NE-SW direction except
when the corner transfer matrices do not have the diagonal limit. See
Section 2.1.

From (2.2d)-(2.13c) it is shown that the sequences 4% (1<k<4) in
(2.15)-(2.18) become the ground states if the pair (b, ¢) satisfies the
following conditions.

Regime |
(a) A;_y, DP), and 4% | models:
(b,c)y=(n,n+1) or (n+1,n) (2.21)

where n is defined in (2.9).
(b) D,,, model
(b, c)=1(0, 1), (1,0), (0, 1), (1, 0) (2.22)
Regime Il. For arbitrary integer b, the sequences 4, (2.17), and
A®, (2.18), become the ground states for 4, _, and D, ,, models, respec-

tively. For D{!) , and 44 | models the following are the conditions for A
and A", respectively, to become the ground states.

(a) DY), model:
(b,¢)=(0,1),(1,0), (0, 1), (1,0),
(L,L-1),(L—1,L),(L,L—1),(L—1,L) (2.23)
(b) A%, model:
(b, ¢)=(0,L—1), (L—1,0) (2.24)
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Regime Ill. For arbitrary choice of the admissible pair (b, ¢), the
sequence A, (2.15), is the ground state for 4, _, and D{!) , models. For
the other models the following conditions are imposed on (5, c).

(a) D, ,, model:
(b, c)#(1,0), (0, 1) (2.25)
(b) A, model:

(b, c)#(0, L—1), (L—1,0) (2.26)

Regime V. For arbitrary choice of the admissible pair (b, ¢), the
sequence AV, (2.15), is the ground state for the D, ., model. For the other
models the following conditions are imposed on (b, ¢).

(a) A,_, and 4% | models:
(b, c)#(mn+1), (n+1,n) (2.27)
(b) D), model:

(b, c)#(n,n+1), (n+ 1, n),
(1,0), O, ), (L—1,L), (L, L—1) (2.28)

2.3. Results for LSPs

Below we summarize the results for LSPs. For all the models and
regimes they take a product form:

Plald)y=c, ()T, 4 (2.29)

Here ¢, 4(q) symbolically denotes the m — oo limit of the 1D configuration
sum X,,(a, b, c; g*") (up to some power corrections) and T, , is the ratio
of theta functions @{f *)(x,x”) (see Appendix A.1). The line of the
argument to obtain the LSPs goes as follows. In Section 3.2 we show that
the ¢, 4(q) is given as the branching coefficient” (or linear combinations
thereof) appearing in appropriate theta function identities. Suitable
specializations of these identities are adjusted to (2.2b) in the limit m — o
by using (A.9) to identify u, in Table I. Dividing by the Ihs, we get the LSP
as a summand appearing in the rhs: 1=3,_ P(a|A4). In what follows the
parameters x and g = e>™ are specified in Table L.

Regime |. Relevant theta function identities for 4, ,, D, ., D{),

(L even) and A{) | (L even) models are (A.13) with the specialization
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z=\/; and (¢, /)=(—1, L), (—1,2L), (1, L), and (1, L), respectively. For
D), and A"} | models with odd L, we also use (A.14).

(a) A4,_; model. The LSP becomes independent of the boundary
states, showing that the system is disordered. Thus, we write P(a) for
P(a| AM):

Pla)=c ()T, (2.30a)

200 ,,)(x,x%) ()

T =
@3,72’—_1),L/2—1(x: x)z @L?.er)(x’ x2)

a

(2.30b)

where c{)(¢) is defined in (A.10) and x=0 or 1 according as L is even or
odd.

(b) D, ., model. The LSP P(a| A4®) is independent of the boundary
states for (b, ¢) other than (2.22). Denoting it by P(a), we have

P(a)=P(@) =), 0 (@) T, (231a)

7o 20 ) (% X))
! @(L_Jl_,zfl(x’xz) @g)j’+)(x’ X2)

(2.31b)

For (b,c) given in (2.22), we write P(a|b, c)= P(a| A®) with b= A® and
c=AY:

3 [P(alb, c)+ P(alb, c)]=c{), 5. (@) T, (2.31c)

. oA _ n(1)

3 [P(0]0, 1) P(OIO,I)J—WT)T0 (2.31d)
P(a|b, ¢)=P(a|b, &)= P(a|b, ¢) (2.31e)

where T, is given by (2.31b).

(c) DY), model. As in the 4, _, model, the LSP P(a| A™")) becomes
independent of the boundary states (b, ¢). Denoting it simply by P(a), we
have

P(a)=P(a@)=(e7)* ¢ (@) T, (2.32a)

Ok, (5 ) ()
= 2
¢ @‘L’i’ﬂ_z(x, x2) @(l,j—z’j‘z,z(x’ x%)

(2.32b)

where ¢{})(q) is defined in (A.10) and =0 or 1 according as a is even or
odd, respectively.

(d) A%, model. The case L is even: The LSP is independent of the
boundary states. Denoting it by P(a), we have

Pla@)y=c}) ()T, (2.33a)
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where T, is given by (2.32b) with =0 or 1 according as a is even or odd,
respectively.

The case L is odd: The boundary state dependence enters the LSP
through the parity of b. Thus we write P‘*)(a)= P(a| A"?) corresponding
to a—b=(1F 1)/2mod 2. Then we have

P(i)(a)=c(1jz)ia,2L(Q)Tia (2.33b)

where T, is given by (2.32b) with p=0 or 1 according as a+ (1 F1)/2 is
even or odd, respectively.

Regime Il. In the 4, _, and D, ., models the LSPs are expressed
in terms of the Hecke modular functions. Necessary theta function
identities involving them can be found in Appendix B.4 in ref. 7. The LSPs
in D®) , and A% | are similar to regime I results and are obtained by using
(A.15).

(a) A4,_, model. The boundary state dependence of the LSP
P(a] A®) is specified by b in (2.17). Thus we simply denote it by P(a|b):

Plalb)=e;=f, (DT, (2.34a)

T, =x"" 00" (x, x)/n(t) (2.34b)

where e/, () is the Hecke modular function described in Appendix B in
ref. 7.

(b) D, ,, model. Much the same as for the 4, | model, the boun-
dary state dependence enters the LSP P(a| A“) only through the integer b
in (2.18). Thus we denote it by P(a|b):

P(a|b)=P(a|b)=e2[ef > Lz+a-1{T)+ e ni—a—t(D]1T, (2.352)
T, =e2x" 04, 1), (x.x*)/n(r) (2.35b)

(c) D, model. For (b, ¢) other than (2.23), the LSP P(a|A@) is
independent of the boundary states. Denoting it by P(a), we have

Pla)=P(a)=¢Lc'?) 5 ()T, (2.36a)

7 oo 260007 06 x?) n(r)
O] _o(x X)) O P (x, x7)

(2.36b)

Here 11 =0 or 1 according as a (or @) is even or odd and c{}(q) is defined
in (A.10).
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For (b, ¢) given in (2.23), we write P(a|b, c)=P(a| A®) with b= AP
and ¢ = AP):

L [P(alb, ¢)+ P(alb, o)l =&t e, ., (@) T, (2.36¢)
()
n(27)
P(a|b, ¢c)= P(a|b, ¢)= P(a*|b*, c*)

= P(alb, c) if a,a#bc (2.36e)

P(0]0, 1)— P(0]0, 1) = T, (2.36d)

Here T, is given by (2.36b) with =0 or 1 according as a is even or odd,
and 1 and A* are specified in (1.30b) and (1.31b).

(d) A%, model. The case L is even: The LSP is independent of the
boundary states showing that the system is disordered. Thus we write P(a)
for P(a| A™):

2eg P(a) =[5 (9) + 51T,
=il a1 (@ T, (2.37a)

where T, is given by (2.36b) with =0 or 1 according as a is even or odd.

The case L is odd: Let 5 be a unique integer satisfying 1<b<L,
h=bmod L. The boundary state dependence enters the LSP through the
parity of 5. Thus we write P(*)(a)=P(a]A") corresponding to a—b=
(1+1)/2mod 2. Then we have

2eL P*)a)= s a-r/2,20 (D) Ta (2.37b)

where T, is given by (2.36b) with y=0 or 1 according as a+ (1 +1)/2 is
even or odd, respectively.

In the remaining regimes III and IV, the background configuration is set
to be A1), (2.15), for all the models. See Table IV. Thus we write the LSP
P(a|b, c)=P(a|AV) with b=A" and c=A. We shall use the
parameters r and s defined by

b+c—-1 b—c+1

— s (2.38)

When b=c+ 1, these are integers: r=b or b—1, s=1 or 2.

Regime lll. For all the models the relevant theta function identities
are provided by (A.16) (e, = +1) with the specialization z = x, g = x°
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{a) A,_, model:

P(alb, )= ¢l (<)) T, (2.392)
(—.+) 2 (—.+) 2
T _ @1,2 (x, x) O, 7 (x, x7) (2.39b)

meET O ), x7) 005 F)(x, xP)
Here r, s are given by (2.38) and c{7;/'(¢) is defined by (A.16) with m,,
m,, m, specified as follows:
my=L—1, m, =3, my =L (2.40)
(b) D, ., model: The LSP enjoys the symmetry

P(a|b, c)= P(alb, c)=P(al|b, c)= P(alb, ) (2.41)

Thus we assume without loss of generality that a, b, ¢ #0:
Plalb,c)=erleiyh) () + ey ) o(x)1T,,,  (2422)
015 )(x, %) @4 1), (x, x7)

Trsa:ECJO 5 - 5
L L) a —_ —
O 1(x x*) O3 P (x, x?)

(2.42b)
Here r, s are given in (2.38) and ¢{; *)(g) is defined by (A.16) with m,, m,,
m, taking the following values:

my =2L~1, my =3, my =2L (2.43)

(c¢) DY, model. As in regime II, the LSP has the symmetry (2.36¢)
and the results are reduced to the following:

L[P(alb, c)+ P(alb, c)]=ctt P (x)T,

for a,b,c#0,L (2.44a)
%[P(OlO,1)—P((_)|0,1)]=mT010 (2.44b)
nQ2z) v

b Ol ) 0 T x?)
PEE T QU Fx, xP) O P (x, xP) (2.440)
In (2.44) r and s are given by (2.38) and c{*; *)(q) is defined in (A.16) with
my, m,, m, specified by (2.40).

(d) 4| model:

(e2)* Plalb, c) =4 [el 1, (x*) + el 17 o(x?)

r.s,a r,s.l—a
+eglel ) = el U )] T,
if (b, c)#(0,L—1),(L—1,0) (2.452)

P(a)0,L—1)=P(a|0,1), P(a|L—1,0)=Pa|L—1,L—2)  (2.45b)
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Here r and s are given in (2.38) and T,,, in (2.44c). The functions
c{% F)(q) are defined by (A.16) with m,, m,, m; specified by (2.40). Note
that in the case L is odd, either ¢{%:7)(g) or ¢{*"’ (g) is zero because of
(A.18b).

Regime IV. The LSPs in this regime are also related to the identity
(A.16) with the specialization z = x, g = x°.

(a) A, _; model. Define the integers n by (2.9) and r, s by (2.38). We
assume that b+ c<2n—1. The other cases are reduced to this case as
follows:

P(alb, c)=P(aln,n—1) if (byc)=(mn+1)
=P(L—a|lL-n—1,L—n—-2) if (bye)=(mn+1)
=P(L—alL—-b,L—c¢) if b+c=2n+3 (2.46)

The case L is even:

eL2[P(alb, ¢)+ P(L—alb, ¢)]=c 3P (X)) T, . (2.47a)

r.s,a

017 x, x?) 047, (x,x?)

T = a L2 247b
"t = 8,6 ) 003k 1) (2470)

The case L is odd:
P(alb, ©)=cly, (6) T, . (247c)

where T, ,, is given by (2.47b). The functions ¢!{7>*(¢q) in (2.47a) and

r,s,a r,.s,a

(2.47c) are defined by (A.16) with m,, m,, m; taking the following values:
my=L/2-1, my =3, may=L/2 (2.48)
(b) D, ., model. The LSP enjoys the symmetry
P(a|b, c)=P(a|b, ¢) (2.49)
Thus the results are reduced to the following:

Plalb, c)=erci) 5 o o) T g0

for a,b,c#0 (2.50a)
A n(t)
1 1)— =7
LLPO10, 1)~ PO10, )] =55 Toso (2:50b)
(—,+) 2z (—, =) 2
T, =ep 2l 5 X) Oiai(6X) (2.50¢)

TR O, Lo (X x%) @57 (x, xP)
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Here r and s are given in (2.38) and the ¢ ~)(g) are defined by (A.16)
with my, m,, m, specified by (2.40).

(c) DY), model. The LSP has the symmetry (2.41). Thus we assume
with no loss of generality a, b, ¢ #0, L. Below we give the results assuming
that b+ ¢ <2n— 1. The other cases are reduced to this case by (2.46).

The case L is even:

a+L/2" P(alb, c)
2
L[Cr+L/2sa+L/2(x )+C£1L725a (X )

+ e sar ) = s am 12T a1 (2.51a)
The case L is odd:

P(a|b, c)~£L[c$‘iL7230+L/2( x?)
+Cr+’L/2),5,a—L/2(x )] Tr+L/2,s,a+L/2 (251b)
In (2.51) r and s are given by (2.38) and T, ;.1 1S obtained from

(2.44c). The function c{%; *)(q) is defined by (A.16) with m,, m,, m; taking
the values (2.40).

(d) 4%, model. The LSP P(a|b, c) has the property (2.46) if
(b,c)#(0,L—1), (L—1,0). The cases (b,c)=(0,L—1) or (L—1,0) are
reduced to the above cases as follows.

The case L is even
PlalL-1,0)=P(L—all,0) for ae2Z+1, 1<a<l—-1
P(al0,L—1)=P(L—al0,1) for ae2Z, 2<a<lL-1 {2.52a)
P(0]0, L—1)=P(0]0, 1)

The case L is odd:
Pla|L—-1,0)=P(L—all,0) for 1<a<gL~-1
P(O|L—1,0)=P(0]1,0)
P(al0, L—1)=P(L—al0,1) for 1<a<g<L—-1
P(0]0,L—1)=P(0]0, 1)

(2.520)

In view of this, we give the results assuming that (b, ¢)# (0, L—1),
(L—1,0)and b+c<2n—1.
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The case L is even:
8§+L/28§P(a|b7 c)
=3 [Csi'ﬁz),s,aa- L2 (x*) + Cﬁf/z),s,aAL/z(xz)
Ci;i'/—Z),s,aJrL/Z (xz) + Cﬁ‘;,i/—Z),s,a*L/Z(xz)] Toiingavrrp (2.53a)

The case L is odd:

L — R 2
esP(alb, c)=c't L—;Z),s,aiL/Z(x | P

if a—b=(1F1)/2mod?2 (2.53b)

Here r and s are defined in (2.38) and T,, ;.41 IS given by using
(2.44c). The function c{*; *)(g) is defined by (A.16) with m,, m,, m, taking
the values (2.40).

3. ONE-DIMENSIONAL CONFIGURATION SUMS

This section is devoted to the study of the one-dimensional con-
figuration sums X, (a, b, c; g} introduced in Section 2.1. They are the quan-
tities of primary importance in the analysis of the LSPs and become the
generating functions for the eigenvalue spectrum of corner transfer matrices
in the limit of lattice size m large. For finite m they are g-polynomials,
while in the limit m — oo they tend to modular functions (up to a power of
q). One may regard m as discrete time and consider the X, (a, b, c; q) of
(2.2¢) and (2.2d) as a sort of functional integral for a particle moving about
the diagrams in Figs. 1-4.

3.1. Expressions in Terms of Gaussian Polynomials

Here we rewrite the 1D configuration sum X,,(a, b, c; g) of (2.2¢) and
(2.2d) in a form that is suitable for taking the limit m — co. The results
amount to a series involving Gaussian polynomials®!):

M N o1 — M—N+j
[N]=n_.1q_j_ for O<N<M
-4

j=1
=0 otherwise (3.1)

Our strategy is to use the linear difference equation and the initial con-
dition that completely characterize the X, (a, b, c; ) of (2.2¢) and (2.2d):

Xm(a7 ba c, ‘I) =Z, Xm— 1(a9 d’ ba q) qu(dﬂb’C) (323)
d

Xola, b, c;q)=08,, (3.2b)
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Here the sum in (3.2a) is taken over d such that the pair (d, b) is
admissible. For each model there are two cases to consider, depending on
the forms of the weight function H(a, b, ¢) in (2.5)-(2.13). We denote them
by X,(a, b, c;q*") in regimesII and III and Y,(a, b, c; ¢=") in regimes I
and IV.

Regimes H and lll. We exploit the method developed in refs. 7 and

8, and construct the solution to (3.2) from the function f,,(b, ¢; ) (b, c€ Z)
that satisfies the simplified equation of the form

fulbyesq)=" Y, fnoild biq)gm (3.32)
d=btl
Jolb, ¢;9) =38, (3.3b)

We set f,,(b, ¢; g) =0 unless |b— ¢| = 1. By the definition, f,,(b, c; ¢) has the
following properties:

Julb,c;)=0 unless b=mmod2, |b|<m (3.4a)
Il ¢ q) = f(—b, —c; q) (3.4b)

An explicit formula is available in terms of Gaussian polynomials:

4 m
Smlb, ¢; q) =q> [(m+b)/2] (3.5)

The solution to Eq. (3.2) is built basically by making the following linear
superposition of the function f,,(b, c; q):

—Iy2 —
F,S,,L)(a, b, C; q)= Z q Lvi+ (L2 —a)v + a/4
veZ

X fulb—a—2Lv,c—a—2Lv; g) (3.6)

From (3.4a) we see that F\"(a,b,c;q) [or q*FYa,b,c;q)] is a
polynomial in ¢ having the property

FYa, b,c;q)=0 unless a—b=mmod 2 (3.7)

Below we list the results for each model. For simplicity, we shall
suppress the argument g.

(a) A;_, model
Xm(aa b’ C) = qia/‘t[F;(yf‘)(a: ba C)—F’(ﬂl‘)(—a, ba C)] {38)
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Much the same as the Boltzmann weights (1.25), the 1D configuration sum
enjoys the symmetry

X, (@b c)=X L—a L—b L—c) (3.9)

(b) D;,, model. The 1D configuration sum is neatly expressed in
terms of that for the 4,, _; model. Let us denote the polynomial (3.8a) by
X(I)(a, b, ¢). Then we have

X(a,b,c)=e*[XP(L+a,L+b L+c)+ X (L—a L+b L+c)]
if a#0, (b,c)#(0,1),(0,1),(1,0) (3.10)

where the symbol & is defined in (1.8). The remaining cases are reduced to
(3.10) as follows:

X,,0,b,¢)=X,,0,b,c) forall (b, c) (3.11a)
X,(a,0,1)=X,,(a,1,0) (3.11b)
X,(a,0,1)=q"2X,, ,(a1,0) (3.11¢)
X,(a,1,0)=X,(a, 1,0) (3.11d)

(c) DY), model. The case a, b, c#0, L, (b,¢c)#(1,0), (L—1,L):
Define an integer r by (2.38). Then we have

3 [X,(a,b,¢)+ X,(a,b,¢c)]

=eber ~'q M [FP(a, b, c)+ FP(—a, b, c)] (3.12a)
m/2
X,(0,0,1)=X,(0,0,1)=[] (1—¢¥~") if miseven (3.12b)
j=1

The other cases are reduced to this case as follows:

Xm(aa 1,0)=Xm+1(a, 07 1) (3133)
Xn(a, b, c)=X,(a*, b* c*)=X,(a, b, ¢)
=X,(a, b, c) if aa#b,c (3.13b)

where a* and a are defined in (1.30b) and (1.31b), respectively.
(d) 4%, model. The case (b, c)#(L—1,0), (0, L—1):
X,(a b cy=q “FiNa b c)+q " Fa—L, bc) (3.14)
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The remaining cases are reduced to this by the relations
X, (a,L—1,0)=¢"*X,(a, L—1, L—2) {3.15a)
X, {a,0,L—-1}Y=X,(a,0,1) (3.15b)

We note that in the case L is odd, we have F{X(a b, ¢)=0 or
FY(a-L, b, c)=0 because of (3.7).

Regimes | and IV. We follow a similar procedure as with regard to
regimes I and IIl and consider the function g,(n;b,c;q) (n,b,ceZ)
defined by the linear difference equation and the initial condition

gmimbciq)= Y gn_(nd b;q) g ™49 (316a)

d=b+1
golm b, c;9)=10,, (3.16b)
Here the function H(n, a, b, ¢) is the one given in (2.9)-(2.13c) and we have

explicitly exhibited the n dependence. The following explicit formula is
valid for a general integer # (not restricted to n=[L/2] of (2.9)]:

gm(nabacaq):fm(b,c) lf b+C<2n—1

= f.(b,2n—b—1) if (h,e)=(n,n+1) (3.17a)
=ful-n—1,-n=2) if (b,c)=(n+1,n)
= f.(—=b, —c) if b+c=2n+3
where the function f,,(b, c) is given by

f_m(b! cy=fi(b, c; qq) qm2/4—m(b7c~1)/4—b/4
o lm—b)c—b+1)/4 m 3.17b
! Lonsoe) (3470)

By definition, g,,(n; b, ¢; g) also has the support property

|

g.(mb,c;q)=0 unless b=mmod?2, |bj<m (3.18)

We introduce two types of linear superposition of g,,(n; b, ¢; q) as follows:

G’(nL)(a, b, C;q): Z qZLv2+(2a7L)v»a/2

veZ

X gun—a—2Lv;b—a—2Lv,c—a—2Lv; q) (3.19a)

~ . i
Ga, b, c;q)= Z gLt a2y —a
veZ

Xgun—a—2Lv;b—a—2Lv,c—a—2Lv;q) (3.19b)
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1/2

Up to an overall power ¢~/* these are polynomials in g having the property

Ga, b, c; q) = Ga, b, c; q)=0 unless a—b=mmod 2 (3.20)

The 1D configuration sums for 4, | and D, ., models are expressed in
terms of G{)(a, b, c; q), while those for D) , and 4{" | models are written
as GX)(a, b, c; q). Below we give the results assuming that n=[L/2].

(a) A,_, model:
Y, (a, b, c)=q"*[GFNa, b, c)— G (—a, b, c)] (3.21)

From (3.17) and (3.21) we deduce the following properties:

Y,(a,b,c)y=Y,(a,nn—1) if (byey=(mn+1)
=Y, (L—a L—n—1,L—n-2) if (bc)=(mn+1,n) (322)
=Y (L—a,L—b,L—¢) if b+cz=2n+3

(b) D,,, model. Asin regimes II and III, the 1D configuration sum
iE expressed in terms of that for the A,, , model. Let us denote by
Y ) (a, b, ¢) the polynomial given in (3.21). Then we have

i1 [Y.(a b c)+Y,(a b c)]
=e2[YO(L+a, L+b, L+c)+ YL +a L—b L—c)]
if ab,c#0, (b,c)#(0,1) (3.23a)

mj2
Y,(0,0,1)— ¥,,(0,0, )=[] (42" '—1) if miseven (3.23b)
j=1

The other cases are reduced to (3.23) by the following relations:

Y, (2,0,1)=Y,, (a 1,0) (3.24a)

Y, (a b, c)=7Y,(ab,¢) (3.24b)

(c) D{), model. The 1D configuration sum has the following
properties:

Y, (a, b c)=Y,(a b c)=Y,(ab,c) (3.25a)

Y,(a0,1)=g~"Y,(a,0, 1)=g"Y, (a,1,0) (3.25b)

Y, (a,L,L—1)=q ™Y, (a, L, L~ 1)=¢"*Y,,_(a, L—1,L) (3.25¢)
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In view of this we assume that a, b, c#0, L and (b, ¢) # (0, 1), (L, L—1).
Then we have

Y,(a b, c)=elq”'[G{(a, b, )+ G (~a, b, c)] (3.26)

We remark that the Y,.(a, b, ¢) in (3.26) also has the properties (3.22).
(d) A" model For (b,c)# (0, L—1), (L—1,0), we have

Y. (a, b, c)=q"*G N a, b, c)+ gt~ GEa—L,bc)  (327)

The cases (b, ¢) = (L —1,0) and (0, L — 1) are reduced to this as follows.
Y (a,L-1,0)=Y, (L—a, 1,0) (3.28a)
Y. (a,0,L—-1)=Y,(L—a0,1) (3.28b)

Note that the Y, (a, b, ¢) in (3.27) also enjoys the properties (3.22). We
remark that in the case L is odd, the 1D configuration sum ¥, (a, b, ¢) is
nonzero for both cases a—b=m and a— b # mmod 2.

3.2. 1D Configuration Sums As Modular Functions

We now proceed to the evaluation of X, (a,b,c;g*') and
Y,(a,b,c;q*") in the limit of m large. Using the Gaussian polynomial
representations in Section 3.1, it is straightforward to take the limit m — oo
(except in regime II for 4, _, and D, , ; models). The results turn out to be
modular functions. They are described in the Appendix as the branching
coefficients appearing in appropriate theta function identities. Here we
present the results for the boundary states (b, ¢) satisfying the ground-state
conditions (2.21)-(2.28). The computation for the other choice of (b, ¢} is
no more difficult than for the ground-state case and the results take quite
similar forms. We fix the parity of m to be even when the background con-
figuration is A [see (2.15)]. The odd m limit can be reduced to this case.
Except for the 4{") | model with odd L, we assume the support property

X,.(a, b, c, qil)z Y.(ab,c; qil)
=0 unless a—b=mmod?2 (3.29)

Regime I. Relevant modular functions for 4, , and D, ,, (resp.
D{') , and A{") |) models are c{;(g) [resp. c{i(q)] in (A.10). In view of
(2.21) we assume that (b, ¢)=(n,n+1) or (n+1,n)in A4, _,, D{!),, and
AW | models.

(a) A,_, model:
. E(q%, q%)
lim Y,(a,b,c q)=—— (3.30)
meven — o 7 ¢(q)

822/52/3-4-22
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where the functions E(z, ¢) and ¢(q) are defined in (1.3) and (1.6), respec-
tively.

(b) D;,,model. From (2.16) and (2.22) we see that the ground state
is of period 4. Due to the symmetry (3.24b) it is enough to treat the cases
{b,c)=1(0, 1) or (1, 0). In both cases we have

lim Y,(ab,c;q)=Eg " ¢*")/d(g) if a#0,0 (3.31a)

medZ - x©

lim [Y,(0,0,1;9)+7Y,(0,0,1;9)1=E(g", ¢°*)/¢(q) (3.31b)

medZ —

lim [Y,(0,0,1;9)— Y,(0,0, 1;9)1=4(q)/¢(q*) (3.31¢c)

medZ -

(c) D), model:

lim Y,(a,b,c;q)=eL E(—q"" q")/$(q) (332)

meven — oo

(d) 4D | model. The case L is even:

lim Y,(a,b,c;q)=E(—q", q"*)/4(q) (3.33a)

meven —

The case L is odd: The 1D configuration sum Y, (a, b, c; g) is nonzero
in both cases: a—b=m and a—-b # m mod 2. Thus, we have

E( _ qL/Z +a’ qZL)

lim Y,(ab,c,q)= 7@ if a=bmod?2
a2 _ L2—a 2L
=1 E ;I(q) 7 ) otherwise (3.33b)

Regime Il. The 1D configuration sums in A, _, and D, ., models
tend to the Hecke modular function e} (t) while those in D{) , and 4,
models become c{}’(q) in (A.10).

(a) A,_, model. Among the admissible pairs (b, ¢) in the ground
states (2.17) it is enough to consider the case c=b+1 (1<b< L—2) due
to the symmetry (3.9). Define M(L; m, a, b) as

M(L;m, a,b)=m(m4+1)—4(L1_2)<m+§—b>

! (é_a)2+i_ (3.34)

tar\3 74
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Then we have

lim gMemelx (a, b, b+1;q ) =ef 2 (t)  (3.395)

p—lLa—1
m— o
m=pmod2(L—2)

Here the parameter 7 is related to ¢ through g =™ [see (1.7)] and e; (1)
is Hecke’s modular function described in Appendix B in ref. 7.

(b) D, ., model. We give the results for the cases (b, ¢)= (b, b+ 1),
1 <b< L—2. The other cases are similar. By virtue of (3.11a) we assume
that a #0. Then we have

lim qM(ZL;m,L+a,L+b)Xm(a’ b, b+ 1; qwl)
mspr'rToHZO?ZLVZ)
:8?[61L+7bz—p~l,L+afl(T)+eiL+wbz—p71,L—a—l(T)] (336)

Here M(2L; m, L+ a, L + b) is obtained from (3.34).

(c) DY), model. The ground state (2.16), (2.23) has the structure of
period 4. Due to the symmetries (3.13b), it is sufficient to consider the cases
(b, c)=1(0, 1) and (1, 0). In both cases we have

Hm %[Xm(a, b’ C;q_l)+Xm(C_l, b’ ¢ q—l)] qm(m+1+c—b)/4

medZ - o

(a—bY2p( _ L+a 2L
o) o a0 T (337a)

im  [X,(0,0,1;47 1)~ X,(0,0, 1,4 )] g™

medZ - oo

=4(9)/9(q°) (3.37b)

(d) A{) | model In view of (2.24) we give the results for (b, c)=
e oase L 5 cven:
i Tola 0.2t g7
=[q"E(—q" ", ¢*") + ¢~ *E(—¢", ¢°")1/4(q)
lim X,(a, L—1,0;g7 ") gmtm+2/4

meven — oo

=[q" "R E(—q% ")+ q“ TV E(—q* %, ¢*))/é(q)

(3.38a)
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The case L is odd:

lim X,(a,0, L—1;4")g""

meven — 0

=g E(—q"% ¢*")/¢(q) i aiseven
= q‘L’“’/“E(—q .¢*N)/#g)  if aisodd
lim Xm(aa L—lao;q_l)qm(m+2)/4

=g 1= *E(—q% ¢*)/g(q)  if aiseven
=q@-VAE(—g" ¢*)/p(q) if aisodd

(3.38b)

Throughout regimes IIT and IV we use the variables r and s defined by
(2.38).

Regime Il
(a) A, _, model:

lim  X,(a,b,c;q)=q"" 7109 )(g) (3.39)

meven — oo

where ¢ *)(g) and y(r,s,a) are defined in (A.16) and (A.17), respectively,

r.s,a

with m,, m,, m; taking the values (2.40).

(b) D, ., model. Assuming (2.25) and a#0, we have
lim  X,(a, b, ¢c;q)

meven — oo

= lim X,(ab ¢q)

meven — oo

=grqtm T O L ) D) e l@)] (3.40)

Here ¢{7 1), , (¢) and v(L +r, s, L+ a) are defined respectively in (A.16)

L+rsL+a

and (A.17) with m,, m,, m; specified by (2.43).
() D), model For a, b, c#0, L, we have

lim 4[X,.(a b, ¢ q)+X,(ab cq)]

meven — oo

=gl lgb—as- y(rsa)c5+ )(q) (3.41a)

lim  [X,(0,0,1;9)~X,(0,0,1;4)1=¢(¢)/d(¢*)  (341b)

m even — oo
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where ¢{t: (g} and y(r, s, a) are defined in (A.16) and {A.17) with (2.40).

r.s,a

Due to the symmetry (3.13b) the other cases are reduced to these cases.
(dy A, model. We assume (2.26) and obtain
lim  &£X,(a,b,c;q)

meven — o
= 4q T O D) + el (g)
+eglel ) — s (a)]) (3.42)

where v(r, s, a) and c{T +)(g), etc., are defined in (A.16) and (A.17) with

r.s,a

my, m,, ms specified by (2.40).
Regime 1V

(a) A,_, model. Among the admissible pairs (b, ¢) satisfying {2.27)
we deal with the case b+ c<2n—1. The case b+ c¢=2n+ 3 is reduced to
this by (3.22).

The ease L is even:

lim  e%?[Y,(a, b, c;q VF Y, (L—a b, c;q ")]gmmrite oA

meven — oo

=gb—ar2- v(',s.a)ci;,,ai- Xgq) (3.43a)

The case L is odd:

m(m+ 1)/4 +m(c—b)/4

lim Y, (abcqg g

meven — o

= q(b~a}/2~7(r,s,a)c'(<;),a~)(q) (343b)

Here ¢( > *)(g) and y(r,s,a) are defined in (A.16) and (A.17) with m,, m,,

r.s,a

m specified by (2.48).
(b) D, model. For a, b, c#0 we have

1

3 lm (Y b cq )+ Y(a b, ;g7 )]gmm e

meven — oo

=erq ") s o ,(0) (3.44a)
. ) o P R~ ¢(q)
lim [Ym(oa 09 la q )'— Ym(oy O’ 1, q )]q - ¢(q2) (3‘44b)

In (3.44a), y(r,s,a)and ¢; ), 5 _, , _,(g) are defined in (A.16) and (A.17)
with m,, m,, m, taking the values (2.40). Due to the symmetry (3.24b) the
other cases are reduced to the above.
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(c) DY), model. In view of the symmetry (3.25a), we assume that
a#0, L. We deal with (b, ¢) satisfying the ground-state condition (2.28)
and b+ ¢ <2n— 1. The other cases are reduced to this by (3.22).

The case L is even:

lim el ,,Y.(ab ¢ g lygrim et

meven —

(b—a)/2—y(r+L/2,5s,a+ LJ2)

=3elq
x [c :—L/Zsa+L/2(q)+Cr+L/2)sa+L/2(q)
+cr+L/25a L/z(CI) r+L/2sa L/z(‘I)] (3.45a)

The case L is odd:

m(m+1+c—b)/4

lim Y,(ab,¢9 ')g

meven — o0

(b—a)2—y(r+L/2,s,a+ Lj2)

:qu
x [cf +L/2)s a+L/2(q)+Cr+L/2)sa L/z(‘I)] (3.45b)

In (3.45) the power y and the functions ¢{*-+)(g) are defined by (A.16) and

Jij273

(A.17) with m,, m,, m; specified by (2.40).

(d) A{ | model. We treat (b, c) that satisfies the ground-state con-
dition (2.27) and |b—c| =1, b+ ¢ < 2n— 1. The other cases are obtained by
using (3.22) and (3.28).

The case L is even:

me‘}eim N 8[[1'+ 2 Ym(a’ b, c; q—l)qm(m+ i1+c—0b)/4

— % q(bAa)/Z—y(r—t— L/2,s,a+ L/2)
x[est i) sav i)+ CSI’E;z)s av12q)
+c(+L/2:a L/2(q)+cr+L/2)sa 12(9)] (3.46a)

The case L is odd:

m(m+1+c—b)/4

lim Y,(a,bcq ')q

meven — oo

q(b a)/2 — 7(’+L/2Sa+L/2)C£1L-+/'25a+L/2(q)
151
for a=b+ % mod 2 (3.46b)

In (3.46) the power y and the functions c{* *)(g) are given by (A.16) and

]l 7273

(A.17) with m,, m,, m, taking the values (2.40).
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In Table V we summarize the functions #(

867

T)/n(27), ¢{$(q), e} 4(t), and

c{X-%)(g) relevant to the m — oo limit of the 1D conﬁguration sums

J1J273

X,(a,b,c;q*") and Y, (a, b, c; g*").

Table V. The Branching Coefficients Appearing in
the m — oo Limit of the 1D Configurations Sums
Xn(a.b,c;qgt")and Y, (a, b, c; gt")"

Model (my, my, my)

Regime I
A, c(—)
D, 5 g2ns 1(T)n(20)
Dili- 2 "(a/Z. L2
AP, Leven i),

Lodd 5(1_72):a,2L
Regime II
Ay eyZia s
Dy, e nrsa T L
DL, i, n(0)/n(2t)
A8 Leven ) . +ely)

Lodd  ¢{*),,,,clh)
Regime III
A, ofrat (L—-1,3,L)
Dy C(L+r,szL+a+c(L.¥::),Lva 2L-1,3,21)
DY, el bt n(e)n(2e) (L—1,3,L)
AR, ey el el el (L-1,31)
Regime IV

A, _, Leven
L odd
DL+]

D), Leven

Lodd
Leven

Lodd

) T e
el
C(L_J]*—) n3i—-slL-a n(r)/n(Zr)

(+.4) (+,+
Glmsa+v L2t Cr+L/2),s,a—L/2

(. +) (—. +
+ e sarrn — T a1
(+,+ +,+
Cr+L/2)5 a+Lj2 +Ci+L/2):a L2

(+.+)
CriLisar L2 +C7+L/25a e

+cl L/2)s avrn T cr+L/2..r.a—L/2

C£+L/2)s at L2

(L2~1,3,L/2)
(Lj2—1,3, L/2)

(L—1,3,L)
(L—1,3,L)
(L—1,3,L)
(L—-1,3,L)
(L—1,3,L)

“r and s are integer parameters given in (2.38) and the function ¢{*: *)(g) is defined by (A.16)
with (m,, m,, m,) taking the specified values.

NnA
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4. CRITICAL BEHAVIORS

The models 4, _,, D, ,,, D¥),, and A become critical as the
elliptic nome p tends to zero, where the Boltzmann weights reduce to
trigonometric functions. The aim of this section is to study the critical
behaviors of the models and evaluate the exponents.

4.1. Free Energy

By the inversion method, % it is straightforward to compute the free
energy per site. An explicit result for the 4, ; model is given by setting
N=11in (D.12)-(D.15) of ref. 8. Results for the other models are similar.
Here we do not present the full expression, but focus on the relevant
specific heat exponent a. It is extracted from the dominant singurality of
the free energy (up to a factor log |p|) as

f‘sing~ip|27a (41)

From this we deduce the following values for the exponent .

Regimes | and Il. Here

2—a=

) for 4,_,,D{) ,, and A  models

L
=77 for D, model (4.2a)

Regimes Ill and IV. Here

2—a=Lj2 for A, ,,D{¥),, and A}  models
=L for D, ,,model (4.2b)

4.2. Local State Probabilities

In Section 2.3 we gave the LSP P(a|A) in terms of the variable x,
which goes to unity in the p — 0 limit (Table I). (The LSP P(a| 4) should
not be confused with the elliptic nome p.) Here we outline the way to
rewrite them in suitable forms for studying the small-p behaviors and the
method to get the exponents.

As stated in (2.29), the LSP P(a| A) in general consists of the product
of modular functions (or branching coefficients) ¢, ,(¢) and ratios of
specialized theta functions 7, , which are specified for each model and
regime. The factor T, , can be rewritten by applying so-called conjugate
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modulus identities for the theta functions ©{%:*)(x, x*). In terms of the
parameters p, ¢, and x in Table I, these are given as follows.
A; _; model in regimes I and IV:

1/2 :
X", x2)=(i> 0, (”—’,|p|2”'") (43a)
’ T m
8 2 e \"? T aLm
X0 x, x)=(—] 04—, |pl (4.3b)
’ m m
e \172 nj
mBG(—, —) LA S L | p|t?m 4.3
whep )= (3] 6 (52 o) ()

A, _, model in regimes II and IIT and D{") ,, and A{") | models in all
regimes:

1/2 ;
M= +)(x. x2)=| o (T prim
x5O~ H)(x, x?) (2nm> HIKm,p (4.3d)
P 172 Rj
T S L R
: 2nm m

For the D, . ; model all the necessary formulas are obtained from those for
the 4, | model by replacing L by 2L on the rhs of (4.3).
In the working below we use the variable ¢ defined by

r=|pl>® (4.4)

with 2 —o given in (4.2). From TableI we see that ¢ is related to the
conjugate nome §=e ~ 2™ a5 follows:

g=1* regimesl,IVofAd, ,,D,., models
. (4.5)
=1 otherwise
It turns out that as ¢ tends to zero, T, , vanishes as
T, 4 o t?* + higher order terms in ¢ (4.6)

Here ¢ is a positive constant, shown in Table VI (the value ¢ in ref 7 for
regime I of the 4, _; model should be corrected to 2 — 6/L for both parities
of L).

For the branching coefficient ¢, ,(g), we apply the transformation
formulas (A.12) and (A.20), etc., under the change g=e*™ — §=¢ 2",
Together with the relation (4.5), this yields the small-z expansion of the
¢, 4(q) as the linear combination of

1AL 0], 420 (4.7)
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Table VI. The Values of ¢ in (4.6) and (4.7) for
Each Model and Regime

I I 111 v
A 2(1-3/L) 2(1—3/L) 1=6/L(L—1)  2[1—6/L(L~-2)]
Dioy 21 —3/2L) 2(1—3/2L) 1—3/LL—1) 2[1-32L(L—1)]
Dy, 1 1 1 1

AW 1 1 1 1

with ¢ taking the values in Table VI. Thus, in the limit ¢ — 0, the LSP
P(alA)=c, 4(q)T, 4 converges to a finite value P corresponding to the
contributions having 4=0 in (4.7). In fact, the P{) is independent of
regimes and the boundary states, showing that the system has no long-
range order at criticality. Below we list the values of P{). By virtue of the
symmetry P{) = P{), we assume that a#0 (resp. a#0, L) for the D, ,,
(reps. D{!) ,) model. We have

4
P = 7 sin? <n_La) A, model

4 2

=7 [sf cos (n—;ﬂ D, , , model
2 AV (1)

=7 (e5) D) , model (4.8)
2 1

=7 A®M | model, even L
1 1

=7 A model, odd L

We remark that these values coincide with the squared components of
properly normalized eigenvector h for the matrix C in (1.16b) with the
eigenvalue ¢'/ given by (1.23).

In view of (4.4), we consider that the minimum positive power 4
appearing in (4.7) is related to the exponent B through the relation
[provided that the higher order terms in (4.6) do not contribute]

4=p/2—-a) (49)

Note that the standard scaling hypothesis asserts that # =44, where # is
the “anomalous dimension.”
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Among the models and regimes, there are cases in which the results
admit Lie algebraic interpretations. In such cases, the condition 1=
>aesCaalq)T, 4 1s taken as the character identity (divided by the lhs}
describing the irreducible decomposition of affine Lie algebra modules. As
a consequence, ¢, 4(g) turns out to be the (not necessarily irreducible)
character of GKO-Virasoro algebra??

Vir=@ CK, ® Cc

with ¢ the central charge and 4 constituting the spectrum of Kj,. See refs. 7
and 10 for this “corresponding principle” between LSPs and the irreducible
decomposition of characters for affine Lie algebras. Table VII list such
cases and gives the relevant Lie algebra pairs with the level of their
representations. (In regime II, another choice for the GKO pair is possible
thanks to the duality between rank and level. See ref. 10.) In these cases the
values of ¢ and 4 realize those in conformal field theories (CFTs). The
models 4, _, and D, ,, in regime IIT correspond to minimal theory,®’
while in regime II they are related to Z, ,- and Z,; ,-symmetric
CFTs,®® respectively. As noted in Section 1.3, the local states and their
adjacent conditions for the D{" model are equivalent to the odd-height sec-
tor of the fusion model®™® with (L, N) = (6, 2). Actually, in regime III they
share the same LSPs and correspond to N=1 supersymmetric CFT?%
having ¢=1. In regime II the 1D configuration sum of the D! model is
related to the Hecke modular function e}, (r) arising from the pair
(49, C(V). However, the character identity describing the relation
AP = C4P does not give the “sums-of-products” identity® necessary for the
calculation of the LSP.

Tabte VII. The LSP Results That Admit Lie Aigebraic Interpretations®

Regime IT Regime III
A, model (48 5, ) (AL @4, AP )
Level 1 1 L-3 1 L-2
Dy, model (A% 5, ) (AP @AP, 4P )
Level 1 1 2L-3 1 2L-2
D{ model — (AN @ AP, 41
Level — 2 2 4

“Relevant affine Lie algebra pairs (so-called GKO pairs) are listed with the level of their
representations.



872 Kuniba and Yajima

4.3. Spectrum of the Power A

Here we consider regimes II (4, _,, D, ., models), III, and 1V, where
the LSP P(a|A) has a nontrivial dependence on the background con-
figuration A as well as the central state a. We present the small-f expansion
of relevant branching coefficients in the form (4.7). This reveals “fine struc-
ture” in the spectrum of the 4 in (4.7). In what follows the variable ¢ is
defined by (4.4) and (4.5) and the constant c is specified in Table VL

Regime Ii (Table V). Here we assume that a=b mod 2.

(a) A,_, model (¢=2—6/L). The transformation formula and
small-g behavior of e],(r) in Egs. (B.7) and (B.8) in ref. 7 yield the
following:

4
L—2 N L
ey fa—1(1)= Y R
a O<jsk<L—2 [L(L—2)]"”7 %
Jj=kmod2

njb—1) . wk+1)a\ _ /24 + 4(j, k)
¢ HoTE I
X(COS T Sin— t (I+-)

(4.10a)

i Kk+2)
AL—2)" 4L

A4(j, k)= (4.10b)

where the symbol &/ is defined in (1.8).

(b) D,,, model (¢=2—3/L):

e%,L+Vb24 LL+a— () + 62LL+_b2— LL-a— W)

4 —lao0
RPN v ey L

o<j<k<L—1

cos 7 jb cos 72k +1)a
T 2L

X [ IHTAGR(] ) (4.11a)

— i k(k+1
40, k) = J (k+1)

TS YRR TS (4.11b)
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Regime lll (Table V). We assume that r+s=a+ 1 mod 2.
(a) A,_,model [e=1—-6/L(L-1)]

4 —1
SN g)= ‘[W¢(f)

Z (sm sin %’i—“) AR DAL= (417)

(b) D,,,model [c=1-3/L2L-1)]:

CEL+rSL+a(q)+CL+rsL a(q)
4 P
et B¢
sin n(2n— 1YL +7) cos w{2n — 1)a)
2L -1 2L
X tfc/24+n(n~1)/2L(2L71) (413)

(c) DY), model (c=1)
26k . _
cil, a+)(Q)—ml‘ Pag(r)~!
nnr nha

x[l +2 Z (cosL_lcos T) t"”"““”] (4.14a)

Besides the branching coefficient ¢(*:+)(q), the difference of the LSPs
P(0|0,1)— P00, 1) in (2.44b) and (2 440) behaves for small ¢ as [Eq.
(4.6) in ref. 9 should be corrected in this way ]

P(0]0,1)— P(0]0, 1)

L—1\'"? | ¢ $(?) (V") g(e“ 1)
_2( L > t/6¢(t1/2 ¢(1‘1/(L I)) ¢(12/L) (414b)

(d) A", model (c=1). The case L is even:

g el @)+ el (@) — el (g)
e —cf24

T 2L(L-1)]7

x §(t)” 1{ fj [2nn—-——-———-——Lr;(éL _—1?“} HE=D (4.15)
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The case L is odd: Under the assumption r +s=a + 1 mod 2, only the
first two terms on the lhs of (4.15) are nonzero. Thus we have

el g+ et ()

r,s,a rs,a

2e; —ef24 403 1
= [2L(L—-1)]1/2[ / ¢(t)

X l:l +2 i cos <nn E—H) t"z/“L(L“”] (4.16)

n=1

Regime IV (Table V). As in regime III, we assume that r+s=
a+ 1mod 2.

(a) A,_, model {¢=2[1-6/L(L—2)]}
(2e5) 7" [ef 5 (@) + ¢80 (@] L even

= cﬁ’;’a_ )(q) |L:odd

4

2y —
REZETA
< 3 (sin M sin B e oivane o ag)
n=1

(b) D, model {c=2[1-3/2L(L—1)]}

[ flr,3—S,L—a(q)

4eL g R n(2n—1)r 7wl@n—1)a
“GLr-ne ) El<°"s 2L-2 T )

Xt—c/24+n(n—1)/2L(L71) (418)

The difference of the LSPs P(0]0, 1)— P(0(0, 1) of (2.50b) is expressed in
terms of ¢ as

P(0]0,1)—P(0]0, 1)

=2 L—1\' t(L2~L—1)/8L(L—1)
L

L B (D) (") $(14)
$(r) $(r =) p(e¥ D) g(E)

(4.19)
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(c) DY), model (c=1):
(2£a+L/2) 1[Cr+1./2)sa+L/2(q)+cr+1/25u 1./2(‘1)
+Cr+L/2)5a+L/2(q) r+L/2sa L/Z(q):”Leven

= C£+’L/2),s,a+L/2(q) + Cr:}«’L/Z),s,a—L/Z(q) [ L:0dd

“T2L(L 1)]1/2’ Ok

& 1/2
ne=1

(d) A, model (¢=1). The case L is even:
(+, +

] ;
(48[5+L/2) [C£:L72)sa+L/2(Q)+Cr+L/2s am189)

+c(+L/2sa+L/2(q)+cr+L/2: e 12(9)]

1
——4—c24 -1
DLL-D17' i
- L(r+1/2>—(L—1>a) WH)]
n 4.21)
X|:1+2n§1005(27tn L(L__l) 4 ( ’
The case L is odd:
C(+L/2sa+L/2(q)
1 e -
“Gor-pEl e
o Lir+12)F (L-1)a\ 101
X [1 +2 ng‘l cos (nn 1) t 4.22)

4.4. Disordered Regimes

Here we consider the remaining regimesI and II (D{!), and A |
models), where the LSPs have a trivial dependence on the boundary states.
We give their explicit expressions in terms of the variable ¢, from which the
exponent 4 in (4.9) is readily seen.

Regime |

(a) A, _, model [Egs. (2.30a) and (2.30b)7:
P(a)~3 6,(na/L, t**) 8, (ra/L, ~ 1=~ 2ty

L 6(n/2, —1) 0,(nu/2, t*-—2)

where u=0 or 1 according as L is even or odd, respectively.

(4.23)
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(b) D,,, model [Eqgs. (2.31a)~(2.31e)]. The LSP P(a) [(231a),
(2.31b)] and the difference P(0]0, 1)— P(0]0, 1) [(2.31d)] are rewritten as

(e2)? 0,(n(L + a)/2L, tY*) 8,(n(L + a)/2L, — =~ /")

P@="7 0,572 —1) 6,0, 7 D) (4242)
P(0]0, 1)— P(0|0, 1)
b e 8 ST Gt D) (14D
N FO) 417 G~ T8 g2 D) (428)
(c) D), model [Egs. (2.32a), (2.32b)]:
2, o 04n(L+2a)2L, 15 DP) 0, (na/L, 1'/7)
P(a) =T (er)? 0,(n(L — 2u)/4, 1 C- DR § (i, 117) (4.25)

where p is 0 or 1 according as a is even or odd, respectively.

(d) A% | model [Egs. (2.33a), (2.33b)]. When L is even, the LSP
result (2.33a) is identical with that for the D{!) , model, Eq. (2.32), up to a
factor (¢£)% Here we rewrite the odd L result (2.33b):

_ 1 04(n(L £ 2a)/2L, *“~2/) ,(n(L +2a)/4, t'7")

PN = L G (L =20, 15 D7) Oy, 1) (4.26)

where u is 0 or 1 according as @+ (1F1)/2 is even or odd, respectively.

Regime Ii

(a) DY), model [Eq. (2.36a)—(2.36e)]. The LSP P(a) [Egs. (2.36a),
(2.36b)] and the difference P(0|0,1)—P(0]0,1) [Eq. (2.36d)] are
expressed in terms of the variable ¢ as follows:

P(a) :_2_ (8;‘)2 94(71'0/L, t(L—Z)/L) 04(7I(L + a)/2L, t1/2L)

L 02, (7= 0., 1 (427
P(0]0,1)—P(0]0, 1)
_ 2 e B0 B g2y (427b)

JL' P gAY ()

Here p in (4.27a) is O or 1 according as a is even or odd, respectively.
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(b) A4 model [Egs. (2.37a), (2.37b)]. The LSP P(a) in (2.37a) for
even L and P'*)(a) in (2.37b) for odd L are written as
2 04(ma/L, 1" 04(na/L, t2/Ey
L 042, 1 P2) 04(m, 1)
1 84(ma/L, ") 0,(n(L/2 + (a— L[2))/2L, t'°")
L 0,(mp/2, 1“7 27%) By(m, 1)

P(a) (4.28a)

P(i)(a)

(4.28b)

where p is 0 or 1 corresponding to @ even or odd, respectively.

5. CONCLUDING REMARKS

In this paper we have exactly computed the local state probabilities
(LSPs) for the four sequences of solvable RSOS models 4, | (L>=4),
D, . (L=3), DY, (L=3),and A% | (L>3). They are characterized by
the corresponding Dynkin diagrams in Figs. 1-4, showing the admissibility
conditions for local state pairs to occupy adjacent lattice sites and the
elliptic parametrization of the Boltzmann weights. The results include the
previous work for the 4, _, model,® the D{!) , model in regime I1I,*) and
the D, ,, model in regime IIL."" In all four regimes I-IV, the LSPs are
evaluated in the form P(a|A)=c, ,(q) T, 4, [(2.29)] with T, , a ratio of
specialized theta function and ¢, 4(g) expressed by branching coefficients
and linear combinations thereof. They obey definite transformation for-
mulas under the change g = e>™* — § = e~ 2"/, Physically, this corresponds
to the interchange of the vicinity of the critical point (p=0,g=1) and
extreme order/disorder ({p| =1, g=0). By using such properties, we have
studied the critical behaviors of the LSPs and the ¢, 4(g).

Here we remark that a solvable RSOS model is not uniquely specified
by the set of local states and their neighboring conditions. Actually, Jimbo
et al."" recently constructed yet other elliptic solutions to the STR for the
RSOS model corresponding to the diagram in Fig. 3. One must go into the
detailed structures in the Boltzmann weight parametrization in order to
fully characterize such “exotic” models.

Through our analysis, we have found that the D, ., model looks like
the A4,, _, model. They manifest significant differences in the fractional
powers 4 occurring in the small-¢ expansion of the relevant branching coef-
ficients. Actually, compared with the 4,, ; model, there are some absences
in the spectrum of 4 for the D, , ; model, as observed in Section 4.3. Such
subtle structure seem analogous to the “operator content” of minimal con-
formal field theory on a torus.*®) There one deals with sesquilinear forms
in the Virasoro character (1.2) and is led to the A-D-E classification®® by
the postulate of modular invariance. From this point of view'*) it would be

822/52/3-4-23
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intefesting to seek an elliptic (off-critical) extensions of the RSOS models
that correspond to exceptional cases: Eg, E,, and Es.

In many respects, the D) , and 4{") | models turn out to be distinct
from the 4, _, and D, ., models. This is most apparent in the values of
g*? and ¢ given in (1.23a)-(1.23c) and Table VI, respectively. [The
parameter ¢ introduced in (1.14b) should not be confused with the
argument g = e*** of modular functions.] Both of them depend on L for
the A4, , and D, , models, whereas ¢**=2 and c¢=1 for the D{!) , and
A, models for all L. The reason for the difference of ¢'* comes from
(1.16b) and (1.20), which assert in the present cases that 2—q'/? is the
smallest eigenvalue of Cartan matrices for the classical Lie algebras A4, _,
and D, ., or affine Lie algebras D{!), and A4Y) . The constant c
introduced in (4.6) and (4.7) in relation to the branching coefficients is the
central charge of the Virasoro algebra for the cases listed in Table VI. We
see that the values ¢=1 and ¢=4 for the D{!), and A, models con-
sistently arise in regime III as the formal g — oo limit of c=1—6/g(g—1)
and g =4 cos?(n/g) obtained for the A, _, (g=L; Coxeter number) and
D, ., (g=2L) models. Just as the value c=1—6/L(L—1) (L=4,5,6,..)
has a special meaning for the Virasoro algebra, so does the value g=
4 cos*(n/L) for the Temperley-Lieb algebra appearing in II, factors.”)
Such a correspondence between the spectrum of the central charge of the
Virasoro algebra and the index for subfactors for 11, factors was first obser-
ved in ref. 18 for the 4, _, (restricted 8VSOS) model and is now extended
to the correspondence between’® ¢=(n—1)[1—n(n+ 1)/L(L—1)] and
g =sin?(nn/L)/sin®(n/L).*® All these follow from the miracles and
mysteries of solvable lattice models, whose LSP involves the Virasoro
characters away from criticality and whose STR yields the Hecke algebra
representations of the braid groups at criticality.

APPENDIX. THETA FUNCTION IDENTITIES

In this appendix we introduce the elliptic theta function &{%, *)(z, q)
and describe the basic properties of the branching coefficients ¢{7)(¢q) and
c{®;*)(q) appearing in appropriate identities among them. For the Hecke
modular function e} ,(z) relevant to regimeIl of 4, _, and D, models,
see Appendix B in ref. 7.

A.1. The Theta Function O{(z, q)

For ¢, &, =21, j, meZ/2, and m>0, we define an elliptic theta
function ©,)(z, q) by

On(z, q) = Y (85) ¢ (z7™ +£,2™) (A1)

veZ,y=v+j2m
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It has the following symmetry and quasiperiodicity:

0.%4(z, 4) =2, 02z, q)

By
=205 (2 9) (A.2)

@(61 62)(2 q) — 61@(81 62)( q)
=¢5(2q)" 0524, q) (A.3)
Oz, q)=¢,(z72q)""* OF 2 (27", q) (A4)
Oz, q)=(— ) @]g’e’;az)(ze ,q) if jymeZ (A.5)

Under the change

. (Z q) — (ezntu Zﬂir) N (Z, q) — (eZm‘u/r’ efzni/r) (A6)

the theta functions transform as follows:

e (= Mem)
@}’e’;ez)(é’ q—) = (____Z'T)l/z e mimu /21

k
x T(2,) O¢, 7z, ) (A7a)
T7 (+) = (2/m)"? &7 cos(n jk/m)
T+ =(2/m)"* &} cos( (A7H)
Ty (=)= —i(2/m)'? e sin(n jk/m)
where the symbol &7 is given in (1.8). For g, =+1 (/I=1, 2, 3) and m

(>0)e Z/2, the summation Y {°+°2»m) is defined to be over k satisfying the
following conditions:

(1) 0<k<m lf (01a62)=(+a+)
O<k<m if (0,,0,)=(—,+) (A3a)
O0<k<m if (64,0,)=(+, —)
O<k<m if (o4,0,)=(—,—)

(i) (=)*=0, (A.80)

The theta function becomes a simple infinite product under the
specialization z = x, g = x*:

x™Ore)(x, x*) = x (=28 B( g X, £, x™) (A.9)

where E(z, q) is defined in (1.3). For fixed ¢,, ¢,, and m, theta functions
{@¢1)(z,q)| jeJ} for an appropriate choice of J< Z/2 span the vector
space that consists of functions having the same quasiperiodicity (A.3).
In the sequel, we shall exploit this argument to define the branching
coefficients.
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A2. The Function c{9(q)

For e= +1, je Z/2, | (>0)e Z, we define a function c{’(q) to be a
ratio of infinite products [see (1.7)]

g PE(—eq’, ¢)
n(z)

o7 (q)=ec®, (g)=c,,(q)= (A.10)

From the identity E(z, g) = E(—z%, q*)—zE(—z %q, q*), it immediately
follows that

C;(',EI)(Q):C?i%j,ztl(?])‘*’“ﬁ%j,ﬂ(‘]) (A.11)
Through the change ¢=e”™ > g=e 2", following transformation
formula is valid:
(=)*U, +, 2 (=)2) .
Cj(;]i)(q)= Z e(j+k~l/2)m
k
xTHRE£(=)Y]ef7"(@) (A.12)

where T/;(+) is defined by (A.7b). The function ¢{(q) for je Z, I (>2) is
characterized as a branching coefficient by a theta function identity of the
form

0Lz, x) 0% ,_,(z, x)

=2 ) n(t) &;cs7 (q)
0< <!
j—1=({+s)/2mod 2
0Lz x),  g=x'"7 (A.13)

where s=1if / is odd and s=0 or 2 if / is even. The rhs gives an expansion
of the lhs in terms of the basis having the same quasiperiodicity (A.3) with
81782’ )—(858 l)

Besides the identity (A.13), we also use the following identities
involving the function c{})(x"~?) reexpressed by (A.11):

Z xa(a7L+2)/4E(_xa+L/2’ xL)

ae Z/2LZ
a=vmod2

XE(_x(L+2a)(L72)/25 sz(L—z))

= x"C LM E(_xI2=v x2) E(—xE~2, xE—2) (A.14)

Z xa(a—2)/4E( _xa, XL) E( _x(L+a)(L~2)’ x2L(L—2))

aeZ/2LZ
a=vmod2

=x""E(—x", x*) E(—x* "2, xt7) (A.15)
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where v=0 or 1. The formula (A.14) [resp. (A.15)] can be derived by the
method described in ref. 3 (pp. 238-239) ref. 3 if we replace Eq. (3.2.10)
therein by

o(a) —_ xa(a— 1)/4ZaE( __xa+L/2, y)’ (y’ Z) _ (XL, x(37L)/4)

[resp. a{a) = x*“ 2429 E(—x°, y), (y,2)=(x*, D]

A3. The Branching Coefficient c{®%(g)

J12J3
Assume that &, e, ==+1, j,, m€Z/2, j,, myeZ, 0<j,<m,>0
(i=1,2), and m; =m,; +m, —2>0. There exists a theta function identity
of the form

0.z q)
074z q)

(61,82, (— YY1, m3)

= Y @ emig) (A.16)

J1J2J3 J3,m3

O (2, q)

Ji,my

7

where the summation symbol has been specified in (A.8). As in (A.13), the
rhs of (A.16) expresses the lhs as a linear combination of @(.:2)(z, g) that
enjoys the same quasiperiodicity (A.3) with m=m;. This completely
characterizes the entry cj(f}.’zjg)(q) as the branching coefficient. When j,,
m, € Z, the g-expansion of ¢{*;%?)(g) contains a fractional power

ji J3 1

1y o Ja) = e 2o L2 ALT
y(]l’ J2s J3) 4m1 +4m2 8 4m3 ( )

We remark that in the case (g, &,)={—, +), j1, m; € Z, formula (A.16)
divided by @{7 *)(z, g) is the character identity describing the irreducible
decomposition of tensor products of A{"’ modules. As a consequence, the
function c{; +)(¢) turns out to be the (not necessarily irreducible) charac-
ter of the Virasoro algebra constructed from an affine Lie algebra pair
(AP @ A, AD)

From (A.16) and (A.4)-(A.5) we deduce the following properties:

@) @ =2 - 5(4) (A.182)
(il) cffe2(q)=0 if j,,meZandj, +j,=j,mod2 (A.18b)
(i) cff; @)= (=) AP efeng)

if meZ+1/2andj, eZ (A.18¢c)
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In view of (A.2), we extend the definition of c¢{*;?)(¢) as follows:

clene) ) ) (q)
a1(j1 + 2nim1), a2(j2 + 2mam2), 03( 3 + 2n3m3)

— 0'2(81)1 + (o1 +03)/2 (82)n1+n3 cj(szgjg)(q)

for o;,=4+1, meZ i=123 (A.19)

The branching coefficient enjoys the following automorphic property as the
direct consequence of that for the theta function (A.7):

(&1, p,62,m1) (—, +, +,m2) (e1,p,82,m3)
(e1,82) —_
cjljzjs (q)
k1 k2 k3

xiey TR (e1) THo, (=) T (e i@ (A20)

J2 k2 k3,j3

where p = (= )¥'=(—)?2,

Finally we present the explicit expression of c{*;?)(g) for the case
(my, m,, my)=(m—1,3, m), which is relevant to our models. The case
e, = —1, j, € Z, has been given in Appendix C of ref. 8. In what follows we

assume the properties (A.18).
(1) jl » ME VA

D@ =efn() 7t L (e) ("0 4oy g (A21)

veZ

(i) j,eZ+1/2, meZ:

* — moo
cj(f;zejza)(q) = (81)(1 Tz n{t) ! Z (&,)" qh/n £
veZ

if +j;+1=j, + j,mod2 (A.22)
(iii)) j,€eZ, meZ+1/2:

CR(a) = ereaciit B (4)

=emn(c) ™" Y (g"n® + ¢, g%i-5)

veZ

if j;+1=j,+j,mod?2 (A.23)
Here the symbol ¢ is specified in (1.8) and the power 47;(v) is defined by

[2m(m— 1)y +mj— (m—1)k]?
dm(m— 1)

i (v) = (A.24)

Due to the symmetry (A.18a), the case j,, me Z 4 1/2 is reduced to (A.23).
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